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Abstract
Conformal blocks are building blocks of correlation functions in conformal field the-
ories (CFTs). They neatly encode the universal information dictated by conformal
symmetry and separate it from the dynamical information which depends on the par-
ticular theory. Conformal blocks merit an in-depth study as is evidenced by their
extensive applications in the study of bulk locality in the AdS/CFT correspondence
and the recent conformal bootstrap program. The vacuum Virasoro blocks in the
semi-classical (large central charge) limit is known to compute the leading order con-
tribution to the Re´nyi entropy. Moreover, the semi-classical Virasoro blocks along
with conformal bootstrap feature in a proof of the cluster decomposition principle for
AdS3/CFT2.
In this thesis, conformal field theory and its necessary ingredients are briefly reviewed.
Conformal blocks from the exchange of a spinless operator are evaluated by holo-
graphic computations of geodesic Witten diagrams for AdSd+1/CFTd. The results are
verified against the Casimir operator method of Dolan and Osborn. Virasoro blocks
in various semi-classical limits are discussed, and holographic Virasoro blocks are cal-
culated in the global, heavy-light, and perturbative heavy, and the results are verified
using the monodromy method.
Finally, defect conformal field theories (dCFTs) are introduced and, as an original
contribution, an integral expression for defect conformal blocks is obtained, which is
expected to precisely match the corresponding result in dCFT literature.
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Chapter 1
Introduction
The 20th century was a highly fruitful period in physics, with radical advancements in
our understanding of Nature. Where the first half was dominated by developments of
individual fields like quantum mechanics and gravity, the second half saw the coming
together of phenomena as widely separated as solid state physics and fundamental
particle physics under the same description, namely quantum field theory. However,
the road to the formulation of the Standard Model of Particle Physics as we know it
was rocky and uncertain. Before quantum chromodynamics (QCD) was established
as the correct theory of strong interactions, it had a strong competitor in a primitive
version of string theory. Even though later experiments firmly established QCD as
the correct theory of strong interactions, string theory was revived a few years later
as the only quantum theory to consistently incorporate gravity.
Parallel to Hadronic physics, relevant progress was ongoing on two other fronts. In
1974 Gerard t’ Hooft proposed studying SU(N) gauge theories for large N instead
of SU(3), since the qualitative behavior was expected to be similar for the two and
the theory simplified considerably in the large N limit. In 1975 Stephen Hawking and
Jacob Bekenstein showed that gravity and quantum mechanics when put together led
to inconsistencies, formally known as the black hole information paradox.
The black hole information paradox, and large N behavior of SU(N) gauge theories
have been two outstanding puzzles in theoretical physics literature for a few decades
now. In 1997, Juan Maldacena made a remarkable conjecture: the AdS/CFT corre-
spondence which has since then led to huge progress in our understanding of these
questions. In addition, since it can be formulated as a conjecture on strongly-coupled
field theories, this conjecture has also led to an improved understanding of phenom-
ena from fields other than high energy physics, such as condensed matter, quark-gluon
plasmas, and fluid dynamics.
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The discovery of the AdS/CFT correspondence as a concrete realization of the more
general holographic principle was a giant leap in theoretical physics. In the past
two decades this conjecture has led to a rapid developments in our understanding of
non-perturbative phenomena in fields ranging from high energy physics to condensed
matter systems to fluid dynamics. Very concisely, the conjecture is a duality between
a strongly coupled conformal field theory (CFT) in d dimensions to an Einstein like
gravity theory in d+ 1 dimensions.
According to the conjecture, quantities in the boundary CFT theory and bulk gravity
theory are in a one-to-one correspondence with each other. For example, the local
symmetry group of CFT which is the conformal group SO(d+ 1, 1) is matched to the
isometry group of the gravity theory in AdS space, correlation functions in the CFT
correspond to Witten diagrams in the bulk, and so on. Surprisingly, until very recently
the bulk description of conformal blocks had been missing from AdS/CFT literature.
Conformal blocks are the basic building blocks of CFT four point functions. They
can be understood as a partial wave expansion for four point functions. Conformal
blocks are fixed by the symmetry group, and so are as fundamental ingredients of the
CFT as the conformal group itself. However the bulk dual description of conformal
blocks remained unexplored until recent work by Kraus et al.
The aim of this thesis is to get acquainted with the required toolbox for this program
and extend it to the case of defect conformal field theories. This thesis is organized
as follows: in chapter 2 we review basics of conformal field theory with a focus on
rigor. Chapter 3 contains a recap of the specialized techniques on the CFT side used
for calculation of conformal blocks in the cases where its possible. Chapter 4 briefly
introduces the gauge/gravity duality in the form used in this work, and the global
conformal block is calculated holographically. Chapter 5 specializes to the case of
AdS3/CFT2, and the zoo of semi-classical limits. Chapter 6 contains the original
work of the thesis, which is verifying the proposal of Kraus et al. in the case of defect
conformal field theories, including a very brief introduction to CFTs with a conformal
defect.
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Chapter 2
Conformal Field Theory and
Conformal Blocks
The ubiquitous nature of conformal field theories in Theoretical and Mathematical
physics has lead to their extensive study in the past years. Conformal field theories
describe worldsheet dynamics in string theory, describe statistical systems at points
of second order phase transitions and appear as renormalization group fixed points of
quantum field theories.
A conformal field theory is a quantum field theory that is invariant under local con-
formal transformations. Conformal transformations are the transformations that pre-
serve angles, but not necessarily lengths. The Lorentz transformations naturally pre-
serve angles between space-time vectors and thus form a subset of conformal trans-
formations, therefore, the Lorentz group is a subgroup of the conformal group. The
particle states in the theory then fit in irreducible representations of the conformal
group. Since conformal invariance implies scale invariance the particle excitations
in the theory have to be massless. This section gives a brief review of the general
properties of conformal field theory.
2.1 Part I: Review of Conformal Field Theory
2.1.1 The Conformal Group
We would like to find the set of all conformal transformations. A local conformal
transformation is equivalently defined as a local coordinate transformation x
Λ(x)−−→
8
x′ = Λ(x)x such that the metric components transforms as:
gµν(x)
Λ(x)−−→ g′µν(x′) = Ω2(x)gµν(x). (2.1)
Let’s see what this implies for the coordinate transformations. For now we work in
D−dimensional Euclidean space. Consider the infinitesimal coordinate transforma-
tion xµ → x˜µ = xµ + µ(x) (Infinitesimal meaning ignoring terms of the order 2 and
(∂)2). The metric components gµν transforms as:
gµν(x)→ g˜µν(x˜) = ∂x
α
∂x˜µ
∂xβ
∂x˜ν
gαβ(x) (2.2)
= (δαµ − α,µ)(δβν − β,ν)gαβ(x) (2.3)
= gµν (x)− β,νgµβ(x)− α,µgαν (x) (2.4)
Plugging in gµν(x) = δµν for Euclidean space we get, using the metric transformation
law g˜µν(x˜) = Ω
2(x)δµν for conformal transformations:
g˜µν(x˜) = Ω
2(x)δµν = δµν − µ,ν − ν,µ (2.5)
=⇒ µ,ν + ν,µ = (Ω2(x)− 1)δµν (2.6)
2µ,µ = D(Ω
2(x)− 1) (2.7)
µ,ν + ν,µ =
2
D
(∂ · )δµν (2.8)
Acting on this with ∂µ∂α gives:
(∂αν) = ∂α∂ν
(
2
D
− 1
)
(∂ · ) (2.9)
and acting with  gives
δµν(∂ · ) = D
2
(∂µν + ∂νµ) (2.10)
Now we get from (2.9) and (2.10):
(δµν + (D − 2)∂µ∂ν) (∂ · ) = 0 (2.11)
Let’s consider the cases D = 2 and D > 2 separately.
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D > 2
We see from (2.11) that all 2nd derivatives of ∂ · must vanish, that is its most general
form is:
∂ ·  = a+ bµxµ (2.12)
=⇒ µ = cµ + dµαxα + eµαβxαxβ , eµαβ = eµβα (2.13)
These infinitesimal transformations can be classified in 4 qualitatively different classes
of solutions, translations, rotations, dilatations and special conformal transformations,
with their associated generators:
Table 2.1: Infinitesimal conformal transformations and generators.
Transformation Action Generator
µ = cµ Translation Pµ = −i∂µ
µ = ωµαx
α Rigid rotation Mµν = i(xµ∂ν − xν∂µ)
µ = λxµ dilation D = −ixµ∂µ
µ = 2(b · x)xµ − bµx2 SCT Kµ = −i(2xµxν∂ν − x2∂µ)
The integrated transformations read:
Table 2.2: Finite conformal transformations and scale factors.
Transformation Action Scale factor
x˜µ = xµ + aµ Translation 1
x˜µ = Mµν x
ν Rigid rotation 1
x˜µ = λxµ dilation λ2
x˜µ = x
µ−bµx2
1−2b·x+b2x2 SCT (1− 2b · x+ b2x2)2
These generators obey the following commutation relations:
[D,Kµ] = −iKµ
[D,Pµ] = iPµ
[Kµ, Pν ] = 2iηµνD − 2iMµν
[Kµ,Mρσ] = i(ηµρKσ − ηµσKρ)
[Pµ,Mρσ] = i(ηµρPσ − ηµσPρ)
[Mµν ,Mρσ] = i(ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ)
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D = 2
In D = 2 the story is slightly different. This is because for D = 2, (2.11) reads:
(∂ · ) = 0 (2.14)
In this case it is easier to draw conclusions from the first order differential equation
(2.8):
µ,ν + ν,µ =
2
D
(∂ · )δµν (2.15)
For µ = ν = x and µ = x, ν = y respectively we get the equations:
∂x
∂x
=
∂y
∂y
(2.16)
∂x
∂y
= −∂y
∂x
(2.17)
Switching to complex coordinates (x, y) → (z, z¯) and writing (z) = x + iy and
¯(z¯) = x − iy, equations (2.16) - (2.17) are the Cauchy-Riemann equations and
imply holomorphicity and anti-holomorphicity for (z) and ¯(z¯) respectively for all
z, z¯.
Since this implies that f = z +  and f¯ = z¯ + ¯ are holomorphic and antiholomorphic
for all z, z¯ one concludes that the set of transformations z → f(z) and z¯ → f¯(z¯) with
f and f¯ holomorphic and anti-holomorphic satisfies the conformality condition (2.1)
in 2 dimensions.
The D = 2 conformal algebra is infinite dimensional, in contrast to the D > 2 case.
The generators are given by
lm = −zm+1∂z, l¯m = −z¯m+1∂z¯ (m ∈ Z) (2.18)
Satisfying
[lm, ln] = (m− n)lm+n, [l¯m, l¯n] = (m− n)l¯m+n (2.19)
The algebra (2.19) is known as the Witt Algebra. Note that so far we have only
considered classical theories with conformal transformations. Upon quantizing the
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theory(in the next section), we will see that the algebra is usually altered. In particular
for D = 2 CFTs the symmetry algebra changes from the Witt algebra to its central
extension, the Virasoro algebra:
[Lm, Ln] = (m− n)Lm+n + c
12
n(n2 − 1)δm+n,0 (2.20)
[L¯m, L¯n] = (m− n)L¯m+n + c¯
12
n(n2 − 1)δm+n,0 (2.21)
Physically, the central charge (c) term in the Virasoro algebra can be traced back
to the requirement of a unitary CFT. For the CFT to be unitary, the most singular
term in the T (z)T (w) OPE (operator product expansion) must be proportional to
(z − w)−4, where T is the stress-energy operator of the CFT. The proportionality
constant is exactly c/2. In fact it can be shown that a quantum conformal theory
with vanishing central charge, i.e. the Virasoro algebra with c = 0 leads to a trivial
theory that contains just the vacuum state[14].
Interestingly in 1986, more than 10 years before the discovery of the AdS/CFT corre-
spondence Brown and Henneaux had dicovered that the asymptotic symmetry group
of AdS3 was the Virasoro algebra.
2.1.2 Radial Quantization
Brief Detour to Hilbert Space and Path Integrals in QFT
Consider a QFT defined by the Hamiltonian H[φ, pi], where φ and pi are the field
and conjugate momentum respectively. As in canonical quantization of a QFT, one
may foliate spacetime into space-like slices of constant time(see figure (2.1)) with each
slice endowed with its own Hilbert space. This Hilbert space has basis states labeled
by field configurations at a fixed time t0 i.e. states of the form { |{φ(x, t0)}〉 }. The
notation |{φ(x, t0)}〉 is meant to denote the fact that the entire spatial configuration
{φ(x, t0)} for all x and constant time t = t0 corresponds to one state in the Hilbert
space. These states are eigenstates of the the field operator, and acting on them with
the local operator φˆ(x, t0) gives the local value of the classical field φ(x, t0) at the
point (x, t0):
φˆ(x, t0) |{φ(x, t0)}〉 = φ(x, t0) |{φ(x, t0)}〉 (2.22)
The probability amplitude for the field to evolve from an initial field configuration
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t = t0
t = t1
t = t2
t = t3
t = t4
t = t5
t = t6
t = t7
t = t8
Figure 2.1: A foliation of spacetime in space-like slices along the time direction, with
ti < tj∀i < j.
φ(x, 0) = φ(x) at t = 0 to a final field configuration φ(x, t) = φ′(x) at t = t is given
by the path integral:
Sf←i = 〈φ′|e−itHˆ |φ〉t 0 =
∫ φ(x,t)=φ′(x)
φ(x,0)=φ(x)
Dφe− i~S[φ] (2.23)
Where the integration over pi can be performed after plugging in a Hamiltonian of the
form
H =
1
2
pi2 +
1
2
(∇φ)2 + V (φ) (2.24)
Now, one can write a state on some slice t = t1
to get
〈φ′|e−itHˆ |φ〉 =
∫ φ(x,t)=φ′(x)
φ(x,0)=φ(x)
Dφe i~
∫ t
0 dt
′ ∫ d3xL[φ,∂φ] (2.25)
The organizing principle in usual QFT is labeling the representations with the eigen-
values of the Casimir operators of the Poincare´ algebra, C1 = PµP
µ and C2 = WµW
µ,
where Wµ is the Pauli-Lubanski operator Wµ =
1
2
µνρσJ
νρP σ. In a CFT however the
operator C1 is no longer a Casimir, since it doesn’t commute with, say, the generators
of dilatations, D. If a representation contains a state with a fixed energy, due to scale
invariance one can rescale the mass and energy by some constant factor and so the
representation contains states of all energies. Therefore classification of states with
respect to mass/energy is not feasible and moreover, in general for a CFT the hamil-
tonian, P 0 in general has a continuous spectrum. Instead, the dilatation operator D
plays the role of the Hamiltonian, and states in the Hilbert space live on surfaces of
constant radius r = r0 instead of constant time t = t0. In direct analogy with the
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preceding discussion and eq. (2.25) for general QFTs, the state |{h0(r = r0)}〉 living
on the sphere r = r0 evolves into the state |{h1(r = r1)}〉 given by:
|{h1(r = r1)}〉 = e−βD |{h0(r = r0)}〉 (2.26)
= 1 e−βD |{h0(r = r0)}〉 (2.27)
=
∫
[Dh(r1)] |{h(r1)}〉 〈{h(r1)}|e−βD|{h0(r0)}〉 (2.28)
=
∫
[Dh(r1)] |{h(r1)}〉
∫ h˜(r=r1)=h(r1)
h˜(r=r0)=h0(r0)
[Dh˜]e−S[h˜] (2.29)
=
(∫
h(r=r0)=h0(r0)
[Dh(r0 6 r 6 r1)]e−S[h]
)
|{h(r1)}〉 (2.30)
In particular one may “create” the vacuum state |0〉 using the path integral. Recall
that in the limit that β →∞, the evolution operator (or transfer matrix, in statistical
physics) e−βDˆ projects onto the ground state:
e−βDˆ
β→∞−−−→ e−βE0 |0〉 〈0| (2.31)
Since r → 0 corresponds to taking the Euclidean time τ → −∞ =⇒ β → ∞, we
have with eq.(2.26) - (2.30):
|0〉 = lim
r0→∞
∫
[Dh0(r0)]
∫
[Dh(r1)] |{h(r1)}〉
∫ h˜(r=r1)=h(r1)
h˜(r=r0)=h0(r0)
[Dh˜]e−S[h˜] (2.32)
This can be represented in the following form with the understanding that the bound-
ary value configurations given by h(r = r1) are integrated over:
|0〉 =
∫
[Dh(r 6 r1)]e−S[h] |{h(r1)}〉 (2.33)
With this expression in hand, we are set to discuss the state-operator correspon-
dence.
State-Operator Correspondence
The State-Operator correspondence in CFT is a one-to-one correspondence between
Hilbert space states living on the surface of some radius r0 and operators inserted at
the origin, or more generally anywhere in the region r 6 r0.
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1. Operator → State Inserting an operator Oˆ∆(0) at the origin creates an eigen-
state of the dilatation operator Dˆ on the sphere of radius r0. In eq.(2.33) this
corresponds simply to an insertion of the operator in the path integral:
Oˆ∆(0) |0〉 =
(∫
[Dh(r 6 r1)]O∆(0)e−S[h]
)
|{h(r1)}〉 (2.34)
DˆOˆ∆(0) |0〉 = [Dˆ, Oˆ∆(0)] |0〉+
:0Oˆ∆(0)Dˆ |0〉 (2.35)
= lim
x→0
(∆− ixµ∂µ)Oˆ∆(x) |0〉 (2.36)
= ∆Oˆ∆(x) |0〉 (2.37)
Moreover, inserting an operator Oˆ∆(x) at a point x inside the sphere of radius
r0, i.e. 0 < |x| < r0 does not produce an eigenstate of the dilatation operator but
since it is still a state in the Hilbert space it may be expanded in Dˆ eigenstates.
This can be seen using the fact that Pˆ µ generates translations along xµ and
therefore Oˆ∆(x) = eiPˆ ·xOˆ∆(0)e−iPˆ ·x which gives:
Oˆ∆(x) |0〉 = eiPˆ ·xOˆ∆(0)e−iPˆ ·x |0〉 (2.38)
= eiPˆ ·xOˆ∆(0) |0〉 (2.39)
= eiPˆ ·x |∆〉 (2.40)
=
∞∑
n=0
(iPˆ · x)n
n!
|∆〉 (2.41)
= c0(x) |∆〉+ c1(x) |∆ + 1〉+ c2(x) |∆ + 2〉 . . . (2.42)
Where in the second line we have used the uniqueness and conformal invariance
of the vacuum |0〉 implying Pˆ µ |0〉 = 0. Therefore the only term surviving in
e−iPˆ ·x |0〉 is the first term 1 |0〉 with the identity operator. In the last line we
have used the fact that Pˆ µ are raising operators for Dˆ eigenstates. This means
Pˆ |∆〉 ∼ |∆ + 1〉 , Pˆ 2 |∆〉 ∼ |∆ + 2〉 and so on.
Another way to reach the same conclusion is using the path integral expression
(2.33):
|Ψ〉 = Oˆ∆(x) |0〉 =
(∫
[Dh(r 6 r1)]O∆(x)e−S[h]
)
︸ ︷︷ ︸
I
|{h(r1)}〉 (2.43)
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The path integral (I) we can Taylor expand O∆(x) around x = 0 to give:
|Ψ〉 =
(∫
[Dh(r 6 r1)]
{
O∆(0) + x
1!
∂O∆(0)
+
x2
2!
∂2O∆(0) + . . .
}
e−S[h]
)
|{h(r1)}〉 (2.44)
=⇒ |Ψ〉 =
∞∑
n=0
(ixPˆ )n
n!
(∫
[Dh(r 6 r1)]O∆(0)e−S[h]
)
|{h(r1)}〉 (2.45)
|Ψ〉 =
∞∑
n=0
(ixPˆ )n
n!
Oˆ∆(0) |0〉 (2.46)
|Ψ〉 =
∞∑
n=0
(ixPˆ )n
n!
|∆〉 (2.47)
2. State → Operator Given a state |ψ〉 on a sphere of radius r0 (in radial quan-
tization), one can cut out a small sphere S of radius  at the origin with the
boundary conditions on S defined by |ψ〉 in the following sense: using the eqn.
(2.30) one writes the state |ψ〉 as:
|ψ〉 =
(∫
h()=h0()
[Dh( 6 r 6 r0)]e−S[h˜]
)
|{h(r1)}〉 (2.48)
Where the initial state |{h0()}〉 is determined uniquely given |ψ〉. Due to
conformal invariance the absolute size of r0 does not matter. Additionally in
contrast to a QFT without conformal invariance one can take the limit  → 0
and then the state |{h0()}〉 defines uniquely an operator Oˆ|ψ〉(0) as:
lim
→0
|{h0()}〉 = lim
→0
Oˆ|ψ〉() |0〉 (2.49)
In particular, a given Dˆ eigenstate |∆〉 on some sphere Sr0 corresponds uniquely
to the operator insertion Oˆ∆(0) at the origin independent of the radius r0.
2.1.3 Operator Product Expansion
Let’s go ahead and see a general derivation of the operator product expansion in CFTs
from radial quantization. The crucial difference of the CFT OPE from general QFT
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O1(x1)
O2(x2)
O3(x3)
O4(x4)
Figure 2.2: The radius of convergence of the O1O2 OPE is determined by the next
nearest operator insertion. In this case it is given by r = |x1 − x3|.
O1(0)
O2(x)
|Ψ〉
Figure 2.3: Derivation of the OPE using the State-Operator correspondence.
OPE is the following: for a general QFT the OPE is an asymptotic expansion of the
product of two operators φ1(x1), φ2(x2) inside the correlator, in the limit when the two
operators get arbitrarily close, x1 → x2. However, in a CFT, the OPE is convergent
and is an exact statement. Inside a correlator, the radius of convergence of the OPE
is given by the next nearest operator insertion.
Using the path integral expressions of the State-Operator correspondence we can write
for the state |Ψ〉(see fig. (2.3)):
|Ψ〉 = Oˆ2(x)Oˆ1(0) |0〉 =
∫
[Dh(r 6 r0)]O2(x)O1(0)e−S[h] |{h(r1)}〉 (2.50)
This state |Ψ〉 being an element of the Hilbert space (and a function of the coordinate
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x) may be expanded in eigenvectors (primaries and descendants) of the operator Dˆ,
Dn
|Ψ〉 =
∑
n
cn(x) |Dn〉 (2.51)
Using the state-operator correspondence now we can associate each |Dn〉 either a
primary operator Oˆ or some descendant ∂nOˆ:
Oˆ2(x)Oˆ1(0) |0〉 =
(∑
O
∑
n
cOn (x, ∂
n)Oˆ(0)
)
|0〉 (2.52)
=
(∑
O
λ21O
|x|k [1 +
c1
2
xµ∂µ +
c2
8
xµxν∂µ∂ν + . . . ]Oˆ∆(0)
)
|0〉 (2.53)
Where the summation is over primaries Oˆ and [. . . ] represent further descendants of
the respective primaries which come with their own additional coefficients.
Conformal symmetry makes the OPE even more powerful in that by requiring that
both the LHS and RHS of eqn. (2.52) transform in the same way one can constrain
the coefficients of particular operators in the OPE. In particular, by operating on both
sides of (2.53) with Dˆ and matching the coefficients, one can fix the exponent k for a
scalar operator Oˆ of dimension ∆ in the OPE (2.53) to be k = ∆1 + ∆2 −∆, and by
operating with Kµ recursively one can fix the constants ci exactly.
〈Oˆ1(x)Oˆ2(0)〉 =
(∑
O
λ21O
|x|∆1+∆2−∆ [1 +
c1
2
xµ∂µ +
c2
8
xµxν∂µ∂ν + . . . ]Oˆ∆(0)
)
|0〉
(2.54)
2.1.4 Embedding (Projective light cone) Formalism
We saw in the last section that the D dimensional (global) Euclidean conformal algebra
turns out to be isomorphic to the D+2 dimensional Minkowski algebra SO(D+1,1).
This inspires the so called Embedding Formalism for CFT. The idea here is to con-
sider the D-dimensional Euclidean space (on which the CFT lives) as a subspace of
D+2 dimensional Minkowski space. Naturally, to successfully achieve this the most
important requirement is that Lorentz transformations on the embedding space corre-
spond to conformal transformations on the CFT subspace. We start with the following
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metric in Minkowski space.
ds2 = −dY 2−1 + dY 20 +
D∑
i=1
dY 2i (2.55)
As we will see, this considerably simplifies calculations since now the generators of the
conformal algebra can be identified with the (linear) generators of minkowski algebra
in D+2 dimensions. For this section, capital latin indices M,N ∈ {−1, 0, 1, · · ·D}
and represent variables in the embedding Minkowski space. Lower case greek indices
µ, ν ∈ {1, 2, · · ·D} and represent variables in the D-dimensional Euclidean CFT space.
Define the light cone coordinates as
Y± = Y−1 ± Y0 (2.56)
In lightcone coordinates the Minkowski metric becomes
ds2 = −dY+ · dY− +
D∑
i=1
dY 2i (2.57)
Now we have D+2 independent variables Y M and so we need 2 constraint equations
to specify the subspace of the CFT. The first constraint comes from restricting to the
light cone:
Y 2 = Y · Y = Y MYM = 0 (2.58)
This subspace is closed under Lorentz transformations which is a necessary condi-
tion to have, once we identify the D-dimensional conformal generators with the D+2
dimensional Lorentz generators. Define
Y i = yi : I ∈ {1, 2, . . . D} (2.59)
Then the lightcone condition implies
Y+Y− = |y|2 (2.60)
The second constraint is imposed with the constraint of living on a Poincare´ section
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of the lightcone, given by Y+ = a where a is some non-zero constant. Then the metric
on this section is given by:
ds2|Y−=|y|2/Y+,Y+=a =
D∑
i=1
dY 2i =
D∑
i=1
dy2i (2.61)
And a general point on the section is given by:
(Y+, Y−, Y i) =
(
a,
|y|2
a
, yi
)
(2.62)
Now the CFT lives on the null projective cone of this space, i.e. the surface given by
non-zero, null vectors with rays identified
Y 2 = Y · Y = Y µYµ = 0 (2.63)
Y 6= 0 (2.64)
Y ≡ aY ; a ∈ R (2.65)
2.1.5 CFT Correlators
The basic data for any conformal field theory are the spectrum of (quasi) primary
operators and their OPE coefficients. The basic structures of interest, referred to
henceforth as ’observables’, are the correlators. The primary fields in d = 2 CFTs
correspond to quasi-primary fields in d > 2 CFTs. 2 point correlators in CFTs are
completely determined in the sense that up to a normalization constant, no dynamical
input is necessary to calculate these correlators. The conformal group constrains the
CFT correlators of (quasi) primary operators O1 and O2 such that the two point
correlators are exactly determined, up to renormalization.
Due to translation and rotational invariance, 〈Oˆ1(x)Oˆ2(0)〉 = f(x) can only depend
on the quantity |x|2. Imposing scale covariance requires that the function f transform
homogeneously for some λ ∈ R+, i.e. f(λx) = λ−∆f(x) for some appropriate ∆. This
fixes the correlator as:
f(x) = 〈Oˆ1(x)Oˆ2(0)〉 = c12|x|2∆ (2.66)
Where special conformal transformations impose the condition dim(Oˆ1) = dim(Oˆ2) =
∆, and so two quasi-primary fields can be correlated only when they have the same
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scaling dimensions. Normalizing the Dˆ eigenstates |∆〉 as 〈∆1|∆2〉 = δ12 fixes c12 =
δ12.
f(x) = 〈Oˆ1(x)Oˆ2(0)〉 = δ12|x|2∆ (2.67)
Similarly requiring that the 3-point function 〈Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)〉 be invariant under
translations and rotations and covariant under scale and special conformal transfor-
mations fixes their form as:
〈Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)〉 = C123|x12|∆1+∆2−∆3 |x23|∆2+∆3−∆1|x31|∆3+∆1−∆2 (2.68)
Where the constants C123 are exactly the the OPE coefficients λ12Oˆ for Oˆ = Oˆ3.
This means that for 2 and 3 point correlators in CFT, the spacetime dependence is
uniquely determined by conformal symmetry with no dynamical information of the
theory. In fact the only free parameters (not fixed by conformal symmetry) in the
OPE (2.54) are the OPE coefficients λijk.
2.2 Part II: Conformal Blocks
For 4-point correlators, things get even more interesting. One may construct functions
of the coordinates of operator insertions, xi, called conformal invariants. These con-
formal invariants as the name suggests are invariant under conformal transformations.
In d dimensions there exist 2 distinct conformal invariants for 4 points u, v given by:
u =
|x12|2|x34|2
|x13|2|x24|2 , v =
|x14|2|x23|2
|x13|2|x24|2 (2.69)
4-point correlators contain dynamical information about the CFT, however there are
functions called conformal blocks which contain all the information fixed by conformal
symmetry in a 4-point correlator. This can be understood as an expansion of the 4-
point correlator with the conformal blocks as expansion functions (also called basis
functions).
The most straightforward way to look at this is using the OPE. To calculate the
four point function 〈Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)Oˆ4(x4)〉, as illustrated in figure (2.4) one can
expand in the Oˆ1Oˆ2 and Oˆ3Oˆ4 OPEs after which one is left with two point functions
of the exchanged operators.
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∆i
j k
l
〈OˆiOˆjOˆkOˆl〉 =
∑
∆
λij∆λ
kl∆
Figure 2.4: 4-point correlator as a sum over conformal partial waves, weighted by the
OPE coefficients.
〈Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)Oˆ4(x4)〉 =∑
Oˆ
∑
Oˆ′
λ12Oˆ
|x12|∆1+∆2−∆
λ34Oˆ′
|x34|∆3+∆4−∆′
〈(
Oˆ(x2) + . . .
)(
Oˆ′(x4) + . . .
)〉
(2.70)
=
∑
Oˆ
λ12Oˆ
|x12|∆1+∆2−∆
λ34Oˆ
|x34|∆3+∆4−∆
(
〈Oˆ(x2)Oˆ(x4)〉+ 〈∂Oˆ(x2)∂Oˆ(x4)〉+ . . .
)
(2.71)
=
∑
Oˆ
λ12Oˆ
|x12|∆1+∆2−∆
λ34Oˆ
|x34|∆3+∆4−∆
(
1
|x24|2∆ + . . .
)
(2.72)
=
∑
∆
λ12∆λ34∆W∆,l(xi) (2.73)
These W∆,l(xi) are called Conformal Partial Waves (CPW) and are uniquely fixed by
conformal covariance. Each CPW receives contributions from the entire conformal
family of the primary with scaling dimension ∆ and spin l. The contributions of the
descendant 2-point functions are denoted by . . . in eqn. (2.72). These CPWs are
closely related to Conformal Blocks, in that where CPWs are conformally covariant
and depend on the relative distance |xij|, conformal blocks are conformally invariant
and are functions of the conformal invariant cross ratios u, v (2.69). These two differ
only by a scale factor. Denoting conformal blocks by G∆,l(u, v), the relationship
between the two is given by:
W∆,l(xi) =
1
x212
1
2
(∆1+∆2)x234
1
2
(∆3+∆4)
(
x214
x213
)∆34
2
(
x224
x214
)∆12
2
G∆,l(u, v) (2.74)
For two dimensional CFTs one can make a stronger statement, which is that the CPWs
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(and conformal blocks) factorize into holomorphic and anti-holomorphic parts. It is
usual to simplify the expressions by using conformal invariance to send z1 →∞, z2 →
1 and, z3 → 0 such that the functional dependence on coordinates is simplified:
〈Oˆ1(∞,∞)Oˆ2(1, 1)Oˆ3(z, z¯)Oˆ4(0, 0)〉 =
∑
∆
λ12∆λ34∆F(hi,∆; z)F¯(h¯i, ∆¯; z¯) (2.75)
2.2.1 Integral Representations
Illuminating integral representations for conformal blocks were obtained by Ferrara,
Gatto, Grillo and Parisi in [10, 11, 9]. We just state the results and refer the reader
to the original literature for a more detailed discussion. For the exchange of a spinless
operator (l = 0) with scaling dimension ∆, and also spinless external operators Oˆi,
the conformal block G∆,0 can be written in an integral form as:
G∆,0 =
1
2β∆34
u∆/2
∫ 1
0
dσσ
∆+∆34−2
2 (1− σ)∆−∆34−22 (1− (1− v)σ)−∆+∆122
× F2 1
(
∆ + ∆12
2
,
∆−∆12
2
,∆− d− 2
2
,
uσ(1− σ)
1− (1− v)σ
)
(2.76)
with
β∆34 ≡
Γ
(
∆+∆34
2
)
Γ
(
∆−∆34
2
)
2Γ(∆)
(2.77)
We will see in Chapter 4 that the holographic expressions for conformal blocks natu-
rally reduce to these integral expressions.
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Chapter 3
Conformal Blocks using CFT
Despite being well defined functions as sum over two point functions of conformal
families, practical computation of Conformal Blocks is far from trivial. Over the
years, various techniques have been developed to calculate explicit expressions for
conformal blocks where possible; series expansions and recursive formulas where not.
This chapter lists two powerful CFT methods for calculation of conformal blocks in
various limits.
The Conformal Casimir approach gives a differential equation that must be satisfied by
any conformal block, and has been used to calculate explicit expressions for conformal
blocks (in terms of hypergeometric functions) for even dimensional conformal field
theories. We will use this in Chapter 4 to verify that the holographic expression
obtained indeed calculates the conformal block with the claimed exchanged conformal
family.
The monodromy method calculates the semi-classical (central charge c → ∞) con-
formal block by imposing a required monodromy on the solutions of a particular dif-
ferential equation. Concisely, we solve the differential equation and then impose the
required monodromy to determine a certain auxiliary function c2(xi) whose indefinite
integral directly computes the 4-point conformal block.
In general the difficulty goes up as one goes to more complicated representations
of the conformal group. It is much harder to calculate conformal blocks due to an
exchange of a spinning operator with the external operators carrying spin as well, as
compared to calculating conformal blocks for the case where all operators are spinless.
Moreover CFTd conformal blocks for even d and scalar exchange can be resummed
into hypergeometric functions [17]. No such representation is known for odd d.
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3.1 Conformal Casimir Approach
The idea in the Conformal Casimir approach is that the conformal partial waves
W∆,l(xi) (2.74) are solutions of a second order differential equation formed from the
Conformal Casimir. This can be taken as a definition of the CPWs and can be used
to explicitly calculate conformal blocks, where possible.
This section is formulated in the Embedding formalism (section 2.1.4) since the rele-
vant equations appear in a simpler form in this formalism. In the Embedding formal-
ism, one identifies d-dimensional conformal group generators with d + 2-dimensional
Lorentz group generators LAB. Then the operator L
2 = LABL
AB is the Casimir of the
algebra. This means that all descendant states (Pˆ µ)n |∆〉 belonging to the conformal
family of the primary |∆〉 = Oˆ |0〉 have the same eigenvalue given by [7]
C2(∆, l) = −∆(∆− d)− l(l + d− 2). (3.1)
As for usual conformal group generators, the action of LAB on operators Oˆ1(x1) is the
application of a differential operator on the operator Oˆ1(x1):
[LAB, Oˆ1(x1)] = L1ABOˆ1(x1) (3.2)
Where L1AB represents the differential operator with respect to the position x1. In
terms of L1AB and L
1
AB, the operator LAB is given simply by LAB = L
1
AB +L
2
AB. Using
(3.2) and the invariance of the vacuum under conformal transformations LAB |0〉 = 0
one can write for the conformal Casimir L2 and some general state |α〉
〈0|Oˆ1(x1)Oˆ2(x2)L2|α〉 = (L1AB + L2AB)2 〈0|Oˆ1(x1)Oˆ2(x2)|α〉 , (3.3)
with the differential operator on the right hand side of the equation defined as
(L1AB + L
2
AB)
2 ≡ 1
2
(L1AB + L
2
AB)(L
1AB + L2AB). (3.4)
Consider expression (2.71) for a 4-point function, reproduced here for clarity
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〈Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)Oˆ4(x4)〉
=
∑
Oˆ
λ12Oˆ
|x12|∆1+∆2−∆
λ34Oˆ
|x34|∆3+∆4−∆
(
〈Oˆ(x2)Oˆ(x4)〉+ 〈∂Oˆ(x2)∂Oˆ(x4)〉+ . . .
)
. (3.5)
This is equivalent to inserting the identity corresponding to the complete set of pro-
jection operators:
1 =
∑
Oˆ primary
∞∑
n=0
|P nOˆ〉 〈P nOˆ| (3.6)
〈Oˆ1(x1)Oˆ2(x2)1Oˆ3(x3)Oˆ4(x4)〉
=
∑
Oˆ primary
∞∑
n=0
〈0|Oˆ1(x1)Oˆ2(x2)|P nOˆ〉 〈P nOˆ|Oˆ3(x3)Oˆ4(x4)|0〉 (3.7)
Comparing to eqn. (2.73) we get for the CPW due to exchange of operator Oˆ with
scaling dimension and spin ∆, l respectively:
W∆,l(xi) =
1
λ12∆λ34∆
∞∑
n=0
〈0|Oˆ1(x1)Oˆ2(x2)|P nOˆ〉 〈P nOˆ|Oˆ3(x3)Oˆ4(x4)|0〉 (3.8)
With eqn. (3.3) and the fact that L2 |P nOˆ〉 = C2(∆, l) |P nOˆ〉 ∀n ∈ Z≥0 we have
(L1AB + L
2
AB)
2W∆,l(xi) =
C2(∆, l)
λ12∆λ34∆
∞∑
n=0
〈0|Oˆ1(x1)Oˆ2(x2)|P nOˆ〉 〈P nOˆ|Oˆ3(x3)Oˆ4(x4)|0〉
(3.9)
=⇒ (L1AB + L2AB)2W∆,l(xi) = C2(∆, l)W∆,l(xi) (3.10)
The Lorentz killing vectors LAB are written as LAB = YA∂B − YB∂A which implies
that for Y on the AdS hyperbola Y 2 = −1 ,
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L2f(Y ) =
1
2
LABL
ABf(Y ) = −∇Y f(Y ) (3.11)
This will serve as a useful CFT check for the Witten diagram calculation of conformal
blocks in the next chapter.
3.2 Monodromy Method
The monodromy method is a technique to calculate conformal partial waves for 2-D
CFTs in the semi-classical limit. The semi-classical limit for 2D CFTs corresponds
to taking the central charge c → ∞. This is the main limit of interest in this thesis,
and the motivation for this limit and the holographic calculation of conformal blocks
in this limit is included in chapter 5. The monodromy method and the terms ’semi-
classical limit’, ’heavy’ and ’light’ operators come from Liouville theory which is a
CFT with a specific action (see [15] for a detailed discussion of Liouville theory and
[15, 12, 16] for the Monodromy method). However the idea is that since the conformal
blocks are determined solely by the Virasoro algebra, they apply for any CFT at large
central charge[16].
The word monodromy come from Greek mono meaning ’alone’ or ’singly’ and dro´mos
meaning ’to run’. The monodromy group of a complex differential equation specifies
the behaviour of the solutions after going around a singularity once. More precisely,
given the following linear differential equation
dy
dz
= Ay (3.12)
with A ∈ GLn(C[z]) and y a n-vector, let S = {a0, a1, . . . , as} be the set of singular
points of A. Let b0 ∈ P1(C) \ S where P1(C) is the complex Riemann sphere. Then
standard existence and uniqueness theorems imply a n × n solution matrix Y (the
columns of Y are the solutions y1,y2, . . . ,yn) in the neighbourhood of b0. Choose a
closed path γ starting and ending at b0 and encircling one of the singularities, say a0.
Analytically continue the solution matrix Y to Y˜ along the path γ back to the point
b0. Then Y˜ and Y are related by a constant matrix M called the monodromy matrix :
Y˜ = MY (3.13)
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It is expected that in the semi-classical c → ∞ limit the conformal partial waves
exponentiate, although as of yet there exists no direct proof from the definition of
conformal partial waves as sum over conformal family contributions.
〈0|Oˆ1(x1)Oˆ2(x2)|α〉 〈α|Oˆ3(x3)Oˆ4(x4)|0〉 = Fα(xi) ≈ e− c6f(xi) (3.14)
The main result of this section is that to determine the function f(xi) in (3.14), we
need to solve the following differential equation
ψ′′(z) + T (z)ψ(z) = 0 (3.15)
with T (z) not completely known, but dependent on a particular function c2(xi) (to
be determined). Then impose a specific monodromy determined by the conformal
weights of the operators Oˆi in (3.14) on the two solutions. Note that we are discussing
the monodromy for the second order equation (3.15) despite defining the monodromy
matrix for a system of linear differential equations (3.12) since an nth order differential
equation in general and the second order differential equation (3.15) in particular can
be formulated as a system of linear differential equations as ψ′(z) = φ(z), φ′(z) =
−T (z)ψ(z).
This determines the function c2(xi). Thereafter the function f(xi) in (3.14) is given
by:
c2(xi) =
∂f(xi)
∂x2
(3.16)
and this determines the conformal block Fα(xi).
3.2.1 Shortening Condition and Degenerate Operators
The steps involved in reaching equation (3.15) are as follows: It can be argued [13] that
inserting a ’light’ operator ψˆ(z) in the 4-point correlator only changes the associated
conformal block by multiplication with a function ψ(z, xi):
Ψ(xi, z) = 〈0|Oˆ1(x1)Oˆ2(x2)|α〉 〈α|ψˆ(z)Oˆ3(x3)Oˆ4(x4)|0〉 = ψ(z, xi)Fα(xi) (3.17)
A degenerate operator in 2D CFT is a primary operator whose descendants form a
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short representation of the Virasoro algebra and this implies that correlation functions
involving the degenerate operator obey a certain differential equation [15, 4]. In par-
ticular one can choose ψˆ(z) as a degenerate operator obeying the following shortening
condition:
(
L−2 − 3
2(2hψ + 1)
L2−1
)
|ψ〉 = 0 (3.18)
Acting with the shortening condition (3.18) leads to the following differential equation
in z for the function ψ(z) in equation (3.17):
ψ′′(z) + T (z)ψ(z) = 0 (3.19)
where setting x1 = 0, x2 = x, x3 = 1, x4 =∞ fixes T (z) to be
c
6
T (z) =
h1
z2
+
h2
(z − x)2 +
h3
(1− z)2 +
h1 + h2 + h3 − h4
z(1− z) −
c
6
c2(x)
x(1− x)
z(z − x)(1− z)
(3.20)
with
c2(x) =
∂f(xi)
∂x2
(3.21)
3.2.2 Monodromy
To determine the semi-classical Virasoro block f(xi) using the condition (3.21) we
need to impose a certain monodromy on the solutions (there are two) of the differ-
ential equation (3.15). This monodromy is not arbitrary but is determined exactly
by imposing the shortening condition on the 3-point function with one of the opera-
tors taken to be a degenerate primary of scaling dimension hψ. Consider the 3-point
function Vαβψ which by conformal symmetry is fixed to be (see (2.68)):
Vαβψ = 〈Oˆα(x1)Oˆβ(x2)ψˆ(x3)〉 = Cαβψ
x
hα+hβ−hψ
12 x
hβ+hψ−hα
12 x
hα+hψ−hβ
13
(3.22)
Imposing the shortening condition on Vαβψ and taking the semi-classical limit, c→∞
with hα/c fixed, one gets
29
hβ − hα − hψ = 1
2
(
1±
√
1− 24hα/c
)
(3.23)
This is used to specify the monodromy of the function ψ(z, xi) in equation (3.15) using
〈Oˆ1Oˆ2|α〉 〈α|ψˆOˆ3Oˆ4〉 from (3.17). Expanding Oˆ3Oˆ4 in the OPE Oˆ3Oˆ4 =
∑
β c34βOˆβ,
then the 3-point functions
∑
β c34β 〈α|ψˆOˆβ〉 only gets contributions from hβ given by
(3.23), that is, Oˆα(y)ψˆ(z)Oˆβ(x4) ∼ (z−y)−(hβ−hα−hψ) = (z−y)−
(1±
√
1−24hα/c)
2 as z goes
around y. The only surviving states |α〉 in 〈Oˆ1Oˆ2|α〉 〈α|ψˆOˆ3Oˆ4〉 are the ones present
in the Oˆ1Oˆ2 OPE hence the monodromy cycle of z around y must enclose both x1, x2
but not x3, x4.
Due to Oˆα(y)ψˆ(z)Oˆβ(x4) ∼ (z − y)−
(1±
√
1−24hα/c)
2 a cycle of z around y: z − y ∼ e2ipi
gives the following monodromy matrix M (in the basis which diagonalizes M) for the
solutions of (3.15):
M =
[
eipi(1+
√
1−24hα/c) 0
0 eipi(1−
√
1−24hα/c)
]
(3.24)
Where hα is the scaling dimension of the primary of the conformal family |α〉. The
matrix M is basis dependent but its trace remains invariant. For the exchange of
the identity block (and descendants) we have hα = 0 which means M is simply the
identity matrix M = 1.
3.2.3 Sample Calculation
As an example of the monodromy method consider the 4-point function:
〈Oˆ1(0)Oˆ1(x)Oˆ2(1)Oˆ2(∞)〉 (3.25)
we can calculate the semi-classical c → ∞ conformal block due to exchange of the
primary with dimension hp (and descendants) with i = 6hi/c fixed. These blocks will
be calculated perturbatively to linear order in 1, p but non-perturbatively in 2.
As discussed in the introduction to this section we solve the differential equation (3.15)
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with T (z) given by (3.20):
ψ′′(z) + T (z)ψ(z) = 0 (3.26)
Then we impose the monodromy condition (3.24) on the two solutions to obtain the
auxiliary function c2(x) of T (z) ((3.20)). Then
∂f(xi)
∂x2
= c2(x) and the semi-classical
blocks is given by
F(x) = e− c6f(x) (3.27)
Expanding ψ, T and c2 perturbatively in 1:
ψ = ψ(0) + 1ψ
(1) + 21ψ
(2) + . . . (3.28)
T = T (0) + 1T
(1) + 21T
(2) + . . . (3.29)
c2 = 1c
(1)
2 + 
2
1c
(2)
2 + . . . (3.30)
Note that c2 gets its first contribution at linear order in 1 since c2 =
∂f
∂x2
and in the
limit 1 → 0, f → 0 because we are then computing the 4-point function 〈11Oˆ2Oˆ2〉
which essentially amounts to calculating the 2-point function 〈h2|h2〉 and so 〈h2|h2〉 ∼
O(1) =⇒ f → 0.
Then substituting the proper values of the scaling dimensions in (3.20):
T (z) = 2
1
(1− z)2 + 1
(
1
z2
+
1
(z − x)2 +
2
z(1− z) −
c2(x)
1
x(1− x)
z(z − x)(1− z)
)
(3.31)
Order-by-order in 1 then the equations read:
(ψ(0))′′ + T (0)ψ(0) = 0 (3.32)
(ψ(1))′′ + T (0)ψ(1) = −T (1)ψ(0) (3.33)
... (3.34)
The solutions then read:
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ψ
(0)
1,2(z) = (1− z)
1±√1−42
2 (3.35)
ψ
(1)
i (z) = ψ
(0)
1
∫
dz
−ψ(0)2 (−T (1)ψ(0)i )
W
+ ψ
(0)
2
∫
dz
ψ
(0)
1 (−T (1)ψ(0)i )
W
(3.36)
where W =
√
1− 42. We need to impose the monodromy condition (3.24) on a cyclic
path enclosing the points 0, x. Since ψ
(0)
1,2(z) are analytic in z around 0, x, the 0
th order
solutions have trivial monodromy. Going to 1st order we need to check the coefficients
of ψ
(0)
1,2(z) in equation (3.36).
There are two ways to check the monodromy of the coefficients of ψ
(0)
1,2(z) in equa-
tion (3.36). We can either calculate the indefinite integral, and see how the result
transforms under a closed curve enclosing both 0, x:
∫
dz
−ψ(0)2 (−T (1)ψ(0)1 )
W
=
(
c2
1
(1− x) + 1
)
log( z
z−x) +
(x−2)z+x
z(z−x)√
1− 42
(3.37)
However this turns out to be cumbersome since the integrals are not always straight-
forward to perform.
The second method is computing the integral as a contour integral along a closed
contour enclosing the points 0, x, which works exactly because it computes the dif-
ference between the values of the integral at the same point, but after orbiting the
singularities once. This is much more convenient since in this case one can use the
method of residues.
∮
dz
−ψ(0)2 (−T (1)ψ(0)1 )
W
= 0 (3.38)
Since the integrand’s poles at 0, x have opposite residues.
Similarly we have for the other coefficients:∮
dz
−ψ(0)1 (−T (1)ψ(0)2 )
W
= (δM0x)11 = 0 (3.39)∮
dz
ψ
(0)
1 (−T (1)ψ(0)1 )
W
= (δM0x)12 (3.40)∮
dz
ψ
(0)
2 (−T (1)ψ(0)2 )
W
= (δM0x)21 (3.41)
(3.42)
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(δM0x)12 =
2pii
W
(
(W − 1)−
(
c2(x)
1
(x− 1)− 1
)
(1− x)W + c2(x)
1
(x− 1) +W (1− x)W
)
(3.43)
At linear order therefore the monodromy matrix becomes:
M = 1 + δM0x (3.44)
=⇒ M =
(
1 (δM0x)12
(δM0x)21 1
)
(3.45)
Comparing the eigenvalues of the monodromy matrix with (3.24) at linear order gives:
(δM0x)12(δM0x)21 = −4pi2p (3.46)
which gives for c2
c2(x) =
1(W − 1 + (1− x)W (1 +W ))±W (1− x)W/2p
(1− x)(1− (1− x)W ) (3.47)
This upon integration, and fixing the integration constant and ± sign by requiring
that f(x) ∼ 2(1 − p) log(x)asx ∼ 0 gives:
f(x) = (21 − p) log(1− (1− x)
W
W
) + 1(1−W ) log(1− z) + 2p log(1− (1− x)
W/2
2
)
(3.48)
which gives the conformal block as:
〈Oˆ1(0)Oˆ1(x)Oˆ2(1)Oˆ2(∞)〉 =
∑
p
F(p;x)F¯(p; x¯) (3.49)
F(p;x) = e− c6f(x) as c→∞ (3.50)
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Chapter 4
Holographic Conformal Blocks
4.1 Lightning introduction to AdS/CFT
The AdS/CFT correspondence is a conjectured duality between a conformal field
theory in d spacetime dimensions and a gravity theory in d+ 1 spacetime dimensions.
This means that all objects, including observables, in the two theories are in a one-
to-one correspondence. The true power of the conjecture comes from the fact that it
relates the CFT at strong coupling to an Einstein like gravity theory. This means that
one can calculate CFT observables (n−point correlation functions) by computations
in (semi)classical gravity.
The conformal field theories appearing in the AdS/CFT correspondence obey non-
trivial conditions in addition to the usual CFT consistency requirements like crossing
symmetry. It has been argued that two necessary and sufficient condition for a CFT
to admit a weakly coupled gravity dual are[8]:
1. Have a large number of degrees of freedom, N2
2. Have a finite number of low dimension operators
Although this has only been proven up to O(1/N)2 and for d=2 and d=4, it is con-
jectured that these conditions hold more generally. In particular, for theories with
Einstein-like gravity duals, the low dimension operators are required to have spin
l ≤ 2 and their descendants since these correspond to spin l particles in the bulk
which are restricted up to spin 2 for the graviton mediating gravity. For computa-
tions one is primarily interested in calculating correlations functions in the CFT. The
34
bulk prescription for calculating correlation functions is as follows:〈
e
∫
ddxOiφ0
〉
= Zgrav(φ(x, z = 0))
Suppose we start with the correlator 〈X〉 where X is some string of CFT operators.
An operator insertion of an operator Oi(xi) at the point xi in the boundary theory
corresponds to calculating the correlator.
〈Oi(xi)X〉
According to the prescription, the operator Oi is sourced by the boundary value
φi(x) = Φi(x, z = 0) of a bulk field Φ(x, z) which in the (semi) classical limit extrim-
izes the bulk action Sgrav. This means that exciting the mode Φi(x, z) in the bulk
corresponds to adding the following term in the boundary action(and vice-versa):
∆S =
∫
ddxφi(x)Oi(x)
then the above mentioned correlator 〈Oi(xi)X〉 may be calculated (at least formally)
by the usual functional differentiation and setting the source to 0.
Quite generally one concludes that the boundary values specify the theory and the
normalizable modes in the interior of AdS correspond to states. Specifying a particular
asymptotically AdS spacetime, say by specifying the metric, specifies the CFT and
some particular state of the CFT [19].
In general, starting from operator insertions Oˆ1(x1), Oˆ2(x2), Oˆ3(x3), Oˆ4(x4) at the
boundary, and assuming only cubic interactions in the bulk, the full 4-point correlator
is given by the bulk object (K(x, y) represents the bulk to boundary propagator from a
bulk point x to a boundary point y and G(x, y) represents the bulk to bulk propagator
between two bulk points x and y):
〈
Oˆ1(x1)Oˆ2(x2)Oˆ3(x3)Oˆ4(x4)
〉
=∫
∀AdS
dd+1y
∫
∀AdS
dd+1y′K(y, x1)K(y, x2)G(y, y′)K(y′, x3)K(y′, x4) (4.1)
This interaction is represented by the Witten diagram(4.1).
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x1
x2
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x3
Figure 4.1: Witten diagram calculating the full four point function. Black dots repre-
sent integration over the whole AdS space.
4.2 Holographic Conformal Blocks
The proposal of Kraus, Hijano et al for the holographic computation of conformal
blocks is as follows: the bulk object computing the conformal partial wave is the
geodesic Witten diagram. A geodesic Witten diagram is very closely related to the
full Witten diagram of equation (4.1) except instead of integrating over the whole
AdS space, the integration goes over geodesics γ12 and γ34 connecting points 1, 2 and
3, 4.
W∆,0(xi) =
∫
γ12
dλ′
∫
γ34
dλK(y(λ), x1)K(y(λ), x2)G(y(λ), y(λ
′); ∆)K(y(λ′), x3)K(y(λ′), x4)
(4.2)
A physically intuitive reason to expect this is as follows: Given 4 operators Oˆi at 4
distinct points xi in the CFT, the natural observable formed with these 4 operators
is the 4-point correlator, which is conformally invariant. On the gravity side the
conformal transformations are dual to the isometries of the AdS space, and the 4-
point correlator is dual to the Witten diagram (4.1), and so the Witten diagram, as
expected, is invariant under the isometry group.
In order to separate the theory specific dynamical information from the symmetry
dictated information one decomposes the 4-point correlator into conformal blocks.
Conformal blocks are building blocks of correlators which encode all the information
dictated by conformal symmetry. So what is the bulk dual of the conformal block?
Evidently we must look for an object which is a function of the 4 points xi, and
operators Oˆi. Moreover this bulk object must be invariant under the AdS isometry
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group, and should not require any extra information to be plugged in by hand.
Lets analyze the Witten diagram to see how the general characteristic of the 4-point
correlator appears on the gravity side. The boundary points xi and operators Oˆi ap-
pear respectively as the boundary anchor point and asymptotic limit of the bulk-to-
boundary propagators K(y, xi). Since the bulk-to-bulk and bulk-to-boundary propa-
gators depend on the coordinates through geodesic distances, they are invariant under
AdS isometries (In fact, the propagators are in the first place required to depend on
the coordinates through geodesics because the coordinate dependence of the 2-point
function must respect the isometries of the manifold.). The only quantities put in “by
hand” in (4.1) are the bulk points y, y′ however since we integrate over the whole of
AdS, this is also invariant under isometries.
4.2.1 Explicit Computation of the Geodesic Witten Diagram
Consider the following geodesic Witten diagram:
W∆,0(xi) =
∫
γ12
dλ′
∫
γ34
dλK(y(λ), x1)K(y(λ), x2)G(y(λ), y(λ
′); ∆)K(y(λ′), x3)K(y(λ′), x4)
(4.3)
Define φ12∆ (y(λ
′)) to be the part of W that depends only on the geodesic γ12:
φ12∆ (y(λ
′)) ≡
∫
γ12
K(y(λ), x1)K(y(λ), x2)G(y(λ), y(λ
′); ∆) (4.4)
Since G is the green’s function for the Klein-Gordon equation in AdS space, it is clear
from the form of φ12∆ (y(λ
′)) as a convolution of the green’s function and some function
that it is a normalizable solution of the inhomogeneous Klein-Gordon equation with
the source term.
J = (∇2(y)−m2)φ12∆ = δ(y)
Since the correlation functions satisfy
〈φ1(x1)φ2(x2) . . . φn(xn)〉 =
∣∣∣∣∂x′∂x
∣∣∣∣∆1/d
x=x1
· · ·
∣∣∣∣∂x′∂x
∣∣∣∣∆n/d
x=xn
〈φ1(x′1)φ2(x′2) . . . φn(x′n)〉
In general, the 4 point functions depend on the conformally invariant cross ratios u, v
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u =
|x1 − x2||x3 − x4|
|x1 − x3||x2 − x4| , v =
|x1 − x2||x3 − x4|
|x2 − x3||x4 − x1| (4.5)
For computational convenience, we use conformal symmetry to send 3 of the 4 points
in the 4-point correlator x1, x2 and x4 to ∞, 0 and 1 respectively. The correlator and
the conformal partial wave remain invariant under this SO(d + 1, 1) transformation.
This means that up to some overall factor we can equivalently calculate the quantity
W∆,0(u, v) = 〈O1(∞)O2(0)P∆,0O3(1− z)O4(1)〉
W∆,0(u, v) = lim
x1→∞
|x1|2∆1 1
C12OCO34
〈O1(x1)O2(0)P∆,0O3(1− z)O4(1)〉
= lim
x1→∞
|x1|2∆1 1
x21
1
2
(∆1+∆2)(x3 − 1)2
1
2
(∆3+∆4)
(
(x1 − 1)2
(x1 − 1 + z)2
)∆34
2
(
(−1)2
(x1 − 1)2
)∆12
2
G∆,0(u, v)
= u−
(∆3+∆4)
2 G∆,0(u, v) (4.6)
Since in radial quantization a CFT on the euclidean plane Rd is identified with the
CFT on the cylinder R × Sd−1, which is exactly the conformal boundary of AdSd+1.
Under the above transformations, the x1−x2 geodesic γ12 becomes the geodesic ρ = 0
in global AdS coordinates because taking x1 →∞, x2 → 0 corresponds on the cylinder
to taking t1 → ∞, t2 → −∞. This imposes additional rotational symmetry on the
AdS Klein-Gordon solution φ∆12. We will solve the KG equation in global Euclidean
AdS coordinates:
ds2 =
1
cos2 ρ
(
dρ2 + dt2 + sin2 ρΩ2d−1
)
The K-G equation in global coordinates is given by (where m2 = ∆(∆− d)):
(
cos2 ρ∂2ρ + (d− 1) cot ρ∂ρ + cos2 ρ∂2t −m2
)
φ12∆ (y) = 0 (4.7)
Now, the time dependence of φ may be calculated by considering the product of two
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bulk-to-boundary propagators on a fixed time t slice:
K(t, t1)K(t, t2) ∝ e−∆12t
plugging this into eqn. (4.7) gives
(
cos2 ρ∂2ρ + (d− 1) cot ρ∂ρ + cos2 ρ∆212 −m2
)
φ12∆ (y) = 0 (4.8)
This differential equation can be converted into the hypergeometric equation with
the correct choice of substitutions. Changing the variables from ρ → η with the
substitution η = cos2 ρ gives:(
2η(η − 1)∂2η + (d− 2 + 2η)∂η +
η∆212 −∆(∆− d)
2η
)
φ = 0 (4.9)
The further substitution φ(η) = η∆/2f(η) (or φ(η) = η(d−∆)/2f(η)) reduces the equa-
tion to a hypergeometric equation:[
η(1− η)∂2η +
(
−d
2
+ 1 + ∆− (1 + ∆)η
)
∂η − ∆
2 −∆212
4
]
f(η) = 0 (4.10)
This has the same form as the hypergeometric differential equation
z(1− z)d
2w
dz2
+ (c− (1 + a+ b)z)dw
dz
− abw = 0 (4.11)
for
a =
∆−∆12
2
(4.12)
b =
∆ + ∆12
2
(4.13)
c = −d
2
+ ∆ + 1 (4.14)
Which gives the solution
f(η) = 2F1
(
∆−∆12
2
,
∆ + ∆12
2
,−d
2
+ ∆ + 1; η
)
(4.15)
=⇒ φ12∆ (ρ) = 2F1
(
∆−∆12
2
,
∆ + ∆12
2
,−d
2
+ ∆ + 1; cos2 ρ
)
cos∆ ρ (4.16)
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Then the full solution including time dependence is given by
φ12∆ (ρ, t) = β∆12e
∆1t1−∆2t2 × e−∆12t
× 2F1
(
∆−∆12
2
,
∆ + ∆12
2
,−d
2
+ ∆ + 1; cos2 ρ
)
cos∆ ρ (4.17)
Now, as we see from (4.2) and (4.4) we need to evaluate φ12∆ (ρ, t) on the geodesic γ34.
This is most conveniently done in Poincare´ coordinates since in Poincare´ AdS3 the
geodesics are just semi-circles. However, the transformation properties of the function
φ12∆ are not trivial when moving from global to Poincare´ coordinates. The bulk-bulk
propagator G is a function of only the geodesic distance between the two boundary
points, therefore independent of the
However, the bulk-to-boundary propagator is a solution of the homogeneous AdS wave
equation which diverges in a prescribed manner in the bulk.
(−m2)K = 0 (4.18)
In Poincare´ coordinates, the u→ 0 behavior of K is
lim
u→0
KPoincare´(u, x;x
′)→ u∆−δ(x− x′) (4.19)
This is because the non-renormalizable bulk modes of the AdS wave equation in
Poincare´ coordinates behave as u∆− near the boundary and therefore K should repro-
duce that behavior when a source function on the boundary sources a bulk field.
However, the non-renormalizable bulk modes of the AdS wave equation in global
coordinates behave as cos∆− ρ near the boundary. So
lim
ρ→pi/2
Kglobal(ρ, t,Ω; t
′,Ω′)→ cos∆− ρδ(x− x′) (4.20)
The map from global coordinates (ρ, t) to Ponicare´ coordinates u, xi is given by
e−2t = u2 + |x|2, cos2 ρ = u
2
u2 + |x|2 (4.21)
Hence, the global and poincare bulk-to-boundary propagators differ by a factor of
|xi|∆i . Stripping these factors off, for the sake of convenience gives the function φ12∆
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in Poincare coordinates
φ12∆ (u, x
i) = β∆12e
∆1t1−∆2t2 × e−∆12t
× 2F1
(
∆−∆12
2
,
∆ + ∆12
2
,−d
2
+ ∆ + 1; cos2 ρ
)
cos∆ ρ (4.22)
Where now the global coordinates (ρ, t) on the right hand side of (4.22) are to be
viewed as functions of the Poincare´ coordinates by (4.21).
Geodesics in AdS3 are semi-circles, see appendix entry (A.5) for a derivation, and
with the particular choice of coordinates in (4.6) the geodesic γ34 connecting points
z3 = 1− z and z4 = 1 lies exactly in an AdS3 slice of AdSd+1. Therefore the equation
of γ34 can be written as
2u2 + (z − z4)(z¯ − z¯3) + (z¯ − z¯4)(z − z3) = 0 (4.23)
Pulling φ12∆ back to γ34, and plugging in (4.3) one gets for W∆,0(xi)
W∆,0(u, v) = β∆12u
∆−∆3−∆4
2
∫ ∞
−∞
dλ (2 coshλ)
−∆−∆12
2 (e−λ + veλ)
−∆+∆12
2 e∆34λ
× F2 1
(
∆ + ∆12
2
,
∆−∆12
2
,∆− d− 2
2
;
1
2 coshλ
u
e−λ + veλ
)
(4.24)
through a change of variables σ = e
2λ
1+e2λ
,
W∆,0(u, v) =
β∆12
2
u
∆−∆3−∆4
2
∫ 1
0
dσσ
∆+∆34−2
2 (1− σ)∆−∆34−22 (1− (1− v)σ)−∆+∆122
× F2 1
(
∆ + ∆12
2
,
∆−∆12
2
,∆− d− 2
2
;
uσ(1− σ)
1− (1− v)σ
)
(4.25)
This is the main result of this section, to be compared with the integral represen-
tation(2.76) obtained in Chapter 2. The result matches exactly, with the integral
representation evaluated at the proper values xi.
4.3 Verification using the Conformal Casimir
One can verify that the function W (xi) is indeed the conformal block using the con-
formal Casimir. We lift W (xi) to the embedding space function W (Xi), which can be
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written as
W (Xi) =
∫
γ34
dλ′ F 12∆ (Y
′(λ′))K(X3, Y ′(λ′))K(X4, Y ′(λ′)) (4.26)
F 12∆ (Y (λ
′)) ≡
∫
γ12
dλK(X1, Y (λ))K(X2, Y (λ))G(Y (λ), Y
′(λ′)) (4.27)
Here F 12∆ is the lift of φ
12
∆ in (4.4) to embedding space. Since F
12
∆ is made of quantities
invariant under AdS transformations, simultaneous transformations of X1, X2 and Y
′
should leave it invariant. In other words, the function F 12∆ must be annihilated by the
operator (L1 + L2 + LY
′
)AB.
(L1 + L2)ABF
12
∆ = −LY
′
F 12∆ (4.28)
=⇒ (L1 + L2)2F 12∆ = (LY
′
)2F 12∆ (4.29)
=⇒ (L1 + L2)2F 12∆ = −∇2Y ′F 12∆ (4.30)
=⇒ (L1 + L2)2F 12∆ = C2(∆, 0)F 12∆ (4.31)
Where (4.31) follows from (4.30) because F 12∆ only depends on Y
′ through the bulk-
bulk propagator G(Y, Y ′) which is an eigenfunction of the Laplacian for Y ′.
From (4.31) we have
(L1 + L2)2W (Xi) = C2(∆, 0)W (Xi) (4.32)
i.e. since W (Xi) satisfies the conformal Casimir of the boundary CFT, it must be a
conformal block.
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Chapter 5
Conformal Blocks and the
Semi-Classical Limit
In accord with Zamolodchikov’s c-theorem [21], the central charge c of a 2D CFT is
related to the number of degrees of freedom of the theory. Therefor the large c limit
naturally satisfies one of the requirements for a CFT to have a nice classical gravity
description.
Belavin, Polyakov and Zamolodchikov [BPZ] discovered in their ground breaking work
[4] that Virasoro blocks of 4-point functions containing contributions from all elements
in the conformal family of the exchanged operator are completely fixed by the operator
dimensions and the central charge c of the theory.
5.1 Introduction: the realm of large central charge
Even before the advent of the AdS/CFT correspondence, the relationship between 3D
gravity in AdS space and 2D CFTs was explored by Brown and Henneaux [5]. Using
the Hamiltonian formalism they obtained the relation between the central charge c of
the CFT living on the conformal boundary of the AdS space to the radius of curvature
l of the AdS space(G is Newton’s constant in 3D gravity):
c =
3l
2G
(5.1)
Subsequently, this result was reproduce by Ban˜ados using the Chern-Simons formu-
lation in 1994 [3] and Balasubramanian and Kraus using AdS/CFT in 1999 [2].
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In this chapter, we will work exclusively in 2D CFTs. The semi-classical limit cor-
responds to taking the large central charge c → ∞ limit. This limit turns out to
be particularly interesting because the large central charge c  1 limit corresponds
to l  lp as is evident from (5.1) where lp is the Planck length. This is the weakly
coupled limit for the gravity theory in the bulk and therefore we can perform a weak-
coupling expansion in lp/l in the bulk and 1/c in the boundary theory. In addition,
the c → ∞ limit has been shown to calculate the Re´nyi entropy for a subsystem in
a theory described by a 2D CFT [16]. In this limit, keeping all other parameters (hi,
the operator dimensions of external and exchanged operators in this limit) constant,
the infinite dimensional Virasoro algebra reduces simply to the global algebra with
generators L−1, L0 and L1
[Lm, Ln] = (m− n)Lm+n + c
12
m(m2 − 1)δm,−n
5.2 Spectrum of semi-classical limits
There are a number of different possibilities to be considered for the involved operator
dimensions when taking the large central charge c 1 limit for conformal blocks. We
can have all the operator dimensions hi and the exchanged operator dimension hp
held fixed in the limit c → ∞. Or on the other hand, we may have the operator
dimensions scaling with the central charge, i.e. hold hi/c and hp/c fixed in the limit
c → ∞. As a middle ground we could also have some operator dimensions, say
h1, h2 held fixed while others say h3, h4 scale with the central charge. In what follows,
operator dimensions that scale with the central charge will be referred to as “Heavy”
and operator dimensions that remain fixed in the limit c → ∞ will be referred to as
“Light”. Also in the following discussion we use the notation i ≡ hi/c.
5.2.1 Global Limit
The global limit corresponds to computing the conformal block with all light operators.
In this limit the Virasoro blocks have a particularly simple structure and reduce to the
conformal block due to the global conformal algebra spanned by L±1 and L0 as in the
case of d ≥ 3 CFTs[13]. The global blocks have the form of hypergeometric functions,
and correspond to the same result as obtained in the previous chapter for d ≥ 3
conformal blocks. As shown in figure, in this limit the bulk fields do not backreact on
the geometry and the background remains pure AdS3. The gravity picture consists of
the shown geodesic Witten diagram in pure AdS3, with the exchanged field dual to
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Figure 5.1: Geodesic Witten diagram for calculation of conformal blocks in the global
limit. This is precisely the gravity picture considered in the previous chapter for general
AdSd+1/CFTd conformal blocks. The operator dimensions hi in this case do not scale
with the central charge, and so we ignore any corrections to the background geometry.
the exchanged operator forming the conformal block.
5.2.2 Heavy-Light Limit
Figure 5.2: Poincare´ disc representation of the heavy-light block (see also figure 5.3).
The cross at the center represents the field creating the conical defect.
The heavy-light limit corresponds to taking some operator dimensions hL fixed (the
“light” operators) and some operator dimensions hH (the “heavy” operators) scaling as
c in the large c limit. In particular we will consider two heavy and two light operators,
in the 4-point function:
〈OL1OL2OH1OH2〉 = 〈0 | OL1OL2OH1OH2 | 0〉 (5.2)
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Using commutativity of operators inside the correlator, this can be written as
〈0 | OH1OL1OL2OH2 | 0〉 = 〈OH1 | OL1OL2 | OH2〉 (5.3)
so in the AdS/CFT picture one associates the state created by the heavy operators
with a BTZ black hole (or conical defect), and the conformal block is dual to the two
point geodesic Witten diagram in this background with the geodesics sourced by the
light operators.
More precisely the limit considered is
c 1, with 1,2, h1 − h2, h3,4,p fixed (5.4)
The conformal block due to the exchange of the conformal family corresponding to the
primary of conformal weight hp can be projected out of the four point function with
the projection operator Php = |hp〉 〈hp|, where sum over the descendants is implied. In
this limit one can compute the conformal block on the CFT side by a clever conformal
remapping of coordinates[13]. In the new coordinates the conformal blocks are given
by the global blocks, which are hypergeometric functions.
〈Oˆ1(∞,∞)Oˆ2(0, 0)PhpOˆ3(z, z¯)Oˆ4(1, 1)〉 ∝ F(hi,p, c; z − 1)F¯(h¯i,p, c; z¯ − 1)
(5.5)
F(hi,p, c; z − 1) = z(α−1)h3(1− zα)hp−h3−h4 F2 1
(
hp + h3 − h4, hp − h1 − h2
α
, 2hp; 1− zα
)
(5.6)
Where
α =
√
1− 24h1
c
(5.7)
On the gravity side, we let the heavy operators Oˆ1(∞,∞), Oˆ2(0, 0) backreact to create
an asymptotically AdS3 geometry, which is a conical defect or a black hole depending
on the parameter α (5.7). Then the corresponding Witten diagram is calculated in
this geometry. More precisely, the conformal partial wave is given by:
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Oˆ3
Oˆ4
Oˆ2
Oˆ1
Figure 5.3: The field generated by the heavy operators Oˆ1,2 is allowed to backreact to
creat a conical defect geometry. Then the conformal block is given by calculating a
geodesic Witten diagram in the conical geometry.
W (xi) =
∫ ∞
−∞
dλ
∫ ∞
−∞
dλ′ K(y′(−∞), y′(λ′))K(y′(∞), y′(λ′))
×Gα(y′(λ′), y(λ))×Kα(z, y(λ))Kα(1, y(λ)) (5.8)
Where y′(λ′) is a point on the geodesic γ12 between Oˆ1(∞,∞) and Oˆ2(0, 0) parametrized
by λ′, and y(λ) is a point on the geodesic γ34 connecting Oˆ3(z, z¯) and Oˆ4(1, 1)
parametrized by λ. The geodesic γ12 has been allowed to backreact on the geom-
etry creating a BTZ black hole or conical defect with parameter α (5.7). Kα and
Gα are the bulk-boundary and bulk-bulk propagators respectively in the background
created by γ12.
To bring the geodesic Witten diagram expression (5.8) into a recognizable form we
will assemble the required quantities. Kα, Gα can be obtained from the corresponding
propagators K,G in pure AdS3 by making the substitutions φ → αφ, τ → ατ . This
is because the conical defect geometry, in particular the metric, can be obtained from
pure AdS3 by making this substitution.
ds2pure AdS3 =
1
cos2 ρ
(
dρ2 + dτ 2 + sin2 ρdφ2
)
(5.9)
ds2conical defect =
α2
cos2 ρ
(
dρ2
α2
+ dτ 2 + sin2 ρdφ2
)
(5.10)
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so making the required substitution, and as in figure (5.3) assuming the operators
Oˆ3, Oˆ4 lie on a common time slice we have
Kα(z, y(λ)) =
e−2hλ
′
(sin
(
αz
2
)
)2h
(5.11)
where y(λ) is a point on the geodesic connecting Oˆ3 and Oˆ4, and
Gα(y′(λ′), y(λ)) = ξ2hp F2 1 (hp, hp +
1
2
, 2hp; ξ
2), where ξ =
sin(αz/2)
coshλ coshλ′
(5.12)
moreover since the field corresponding to the heavy operators sits at ρ = 0, the product
of the two propagators simplifies to
K(y′(−∞), y′(λ′))K(y′(∞), y′(λ′)) ∝ e−2(h1−h2)y′(λ′) (5.13)
Plugging in (5.13), (5.12), and (5.11) in (5.8) and simplifying gives
W (xi) ∝ (sinαx34/2)2hp−h3−h4 × F2 1
(
hp + h3 − h4, hp − h1 − h2
α
, 2hp; 1− eiαz
)
× F2 1
(
hp + h3 − h4, hp − h1 − h2
α
, 2hp; 1− e−iαz
)
(5.14)
which is to be compared with (5.5) obtained from CFT.
5.2.3 Perturbative Heavy Limit
The perturbative heavy limit corresponds to letting all the operator dimensions scale
with the central charge hi, hp ∼ c, but 3,4,p  1 but non-perturbative in 1,2. Similar
to the heavy-light scenario, the non-perturbative operators Oˆ1,2 creates an asymptot-
ically AdS geometry, a BTZ black hole or a conical defect. However, in this case since
h3,4,p ∼ c  1 we can approximate the scalar bulk fields sourced by the operators
Oˆ3,4,p as classical particles, and the action reduces to the length of the respective
geodesics.
On the CFT side the state of the art technique for calculation of conformal blocks
in this limit is the monodromy method which we reviewed as a sample calculation in
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Figure 5.4: Worldline prescription for holographic calculation of conformal blocks in
the perturbatively heavy limit.
Chapter 3, Section (3.2.3).
As illustrated in figure (5.4) the action reduces to the regulated lengths of the world-
lines of particles corresponding to Oˆ3, Oˆ4 traveling in the conical defect geometry
created by Oˆ1, Oˆ2. We need to extremize S, which is given by
S = 3L3 + 4L4 + pLp. (5.15)
and then the conformal block is given by
F(1− z) = z−h3G(w)|w=−i ln z, with G(w) = e− c6S. (5.16)
=⇒ f(1− z) = −6
c
lnF(1− z) = 3 ln z + S(w)|w=−i ln z. (5.17)
At this point the problem is reduced to finding the extremal value of the action S(w).
We want to vary the action with respect to the position of the bulk vertex, which
leads to the following equation, with the over dot representing derivative with respect
to a proper length parameter
3x˙
ν
3 + 4x˙
ν
4 + px˙
ν
p = 0. (5.18)
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after some minor computation this yields the result for the action
S(w) = (3 + 4) ln sin(
αw
2
) + parctanh
cos(αw
2
)√
1− β2 sin2(αw
2
)
− |β|p ln
(
|β| cos(αw
2
) +
√
1− β2 sin2(αw
2
)
)
(5.19)
This gives for the semi-classical block f(1− z),
f(1− z) = l ln z + (3 + 4) ln sin(αw
2
) + parctanh
cos(αw
2
)√
1− β2 sin2(αw
2
)
− |β|p ln
(
|β| cos(αw
2
) +
√
1− β2 sin2(αw
2
)
)
(5.20)
which exactly matches equation (3.48) with the substitutions x → 1 − x (since we
computed f(x) rather than f(1− x) in the CFT picture), and 3 = 4, which was an
assumption made for the sample calculation.
5.2.4 Non-Perturbative Heavy Limit
The final step in the program would be calculating the conformal block corresponding
to all heavy operators, as in the previous section, but non-perturbatively in the oper-
ators Oˆ3,4. It is expected that this block should calculate the scattering (or merger)
of two conical defects, however no satisfactory bulk prescription is available in this
case. In fact this calculation cannot be performed on the CFT side either, as of now.
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Chapter 6
Holographic conformal blocks in
AdS/dCFT
6.1 Conformal Blocks in dCFTs
In this section we continue the program of holographic calculation of conformal blocks
by calculating conformal blocks for defect conformal field theories. To the author’s
knowledge this has not yet been explored in literature and is original work.
A CFTd with a defect is characterised by the presence of an extended operator(also
called the defect) in the CFT. In general an extended defect may not preserve any
symmetries. We will only consider co-dimension p operators which preserves the
maximal subgroup SO(p)× SO(d− p+ 1, 1) of the conformal group SO(d+ 1, 1). In
the presence of a defect, the operators in the CFT can be classified into two classes.
In the following discussion, “defect-local” operators, denoted by a hat ·ˆ, are operators
that live on the defect and so furnish representations of the CFT on the defect, i.e.
CFTd−p. “Ambient” operators are operators in the CFT which do not live on the
defect, but in the bulk of the dCFT. However now these bulk-local operators do not
furnish representations of the full conformal group SO(d+1, 1) due to the presence of
the defect. In fact, these operators show some peculiar properties such as the presence
of non-zero one point functions 〈O(x)〉 6= 0. This can be traced back to the existence
of a closed, exact “bulk-boundary” OPE:
O1(x)Oˆ2ˆ(0) ∼
∑
Oˆ
b12ˆ∆ˆ
1
|x|∆1+∆ˆ2ˆ−∆ˆ Oˆ∆ˆ (6.1)
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So in particular one considers the OPE with the identity operator 1ˆ which means that
in the RHS of the OPE (6.1) one gets a contribution to the one point correlator from
the identity operator:
〈O1(x)〉 = b11ˆ1ˆ|x|∆1 (6.2)
In addition to the ambient-defect OPE, the operators admit a ambient-channel OPE
of the form:
O1(x)O2(y) ∼
∑
k
λk12C(x− y, ∂y)Ok(y) (6.3)
This implies that the two-point function 〈O1(x)O2(y)〉 consists of an infinite series of
contributions due to non-vanishing one-point functions of ambient operators:
〈O1(x)O2(y)〉 =
∑
k
λk12C(x− y, ∂y)
bk1ˆ1ˆ
|y|∆k (6.4)
On the other hand, due to general CFT considerations, one expects the two-point
function to depend on the single conformal cross-ration ξ = (x−y)
2
4x0y0
where x0, y0 are
component of x, y perpendicular to the defect.
〈O1(x)O2(y)〉 = 1
(2x0)∆1(2y0)∆2
f(ξ) (6.5)
The purpose of this chapter is to reproduce, holographically, the conformal blocks
contributing to f(ξ) using the prescription of Kraus et al.
6.2 Holographic dCFTs
The generic prescription for calculation of dCFT correlators holographically is as
follows: one point correlators are calculated by joining the bulk-boundary propagator
from the position of the operator in the dCFT to the brane, and integrating the
point in the bulk over the whole brane. Ambient two point functions are slightly
more complicated. There are three possible cases, but we shall mainly be focusing
on diagram illustrated in the figure 6.1, since intuitively these are the ones relevant
for defect conformal block computations. The prescription for calculating correlation
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functions with type III diagrams in the bulk is as follows: integrate the ambient
interaction vertex over the whole AdS space and the ambient-brane interaction vertex
over the brane. Therefore analogous to the case of the CFT without defects, we
expect the conformal block to be given by replacing the integral over full AdS to an
integral over geodesics connecting the boundary operators. In the following we use
the conformal Casimir to verify that this is true.
Figure 6.1: Bulk picture for holographic calculation of defect conformal blocks. The red
dashed line is the geodesic connecting the dCFT operators. The thick, black vertical
line is the brane dual to the CFT defect. The orange dot represents integration over
the geodesic, and the black cross represents integration over the whole brane.
6.3 The Setup
We consider a system consisting of a CFTd dual to a bulk AdSd+1. In the boundary
theory we have a flat co-dimension 1 defect, which in the bulk corresponds to an AdSd
brane[6, 1]. Then defect operators in the CFT correspond to excitations on the AdSd
brane, and ambient operators correspond to excitations in the full AdSd+1 space. Note
that the conformal theory on the defect resembles a CFT in all respects except that it
does not contain a conserved stress-energy tensor, since the defect is free to exchange
energy with the rest of the CFTd. Working in Euclidean AdSd+1, the Poincare´ patch
metric is given by
ds2 =
1
z2
(dz2 + dx2 + d~y2) (6.6)
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With z the holographic coordinate in Poincare´ AdS, and (x, ~y) ≡ (x, y1, . . . , yd−1) are
coordinates on Rd, on which the dCFT lives. Later, for ease of calculation we will
assume that the AdSd brane is located at x = 0.
6.4 Holographic conformal blocks in dCFTs
Parallel to the discussion in the previous chapters, intuitively we expect the holo-
graphic conformal block to be calculated by a geodesic Witten diagram. In this
section we verify that this prescription holds also for dCFTs. Exactly as in the work
of Kraus et al. we conjecture that the conformal block is given by the following object:
W(x1, x2) ≡
∫
dd~yF (x1, x2; ~y) (6.7)
F (x1, x2; ~y) ≡
∫
γ12
dλ K(x1, y(λ))K(x2, y(λ))G(y(λ), ~y) (6.8)
Where γ12 is a bulk geodesic connecting the boundary points x1, x2. K is the bulk-
boundary propagator, G is the bulk to bulk propagator and ~y denotes a point on the
brane.
We’ll verify that this is indeed true by showing that the function W(x1, x2) is an
eigenvector of the conformal Casimir. This is most easily done in embedding space.
The function W(x1, x2) can be lifted to a function W(X1, X2) by lifting each of the
bulk-boundary propagators K(xi, y) to functions in embedding space K(Xi, Y ). The
crucial point is that the function F in (6.12) doesn’t “know” about the presence of
the defect, and so following the discussion in section (4.3), we see that F (x1, x2; x˜)
is an eigenfunction of the conformal Casimir (L1 + L2)2, which in turn implies that
the CFT object W(x1, x2) is also an eigenfunction of the conformal Casimir. This
uniquely identifies W(x1, x2) as a conformal block of the dCFT.
6.4.1 Explicit holographic computation of the dCFT confor-
mal block
We need to evaluate the following quantity:
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z = 0
p2p1
(x0, z0)
z
x
λ
v
(x, z)
Figure 6.2: An illustration of the geodesic Witten diagram in Poincare´ coordinates.
z = 0 is conformal boundary of the AdS space, with z the holographic direction. The
orange dotted line is the geodesic connecting boundary points p1 and p2, with center
at (x0, z0). λ is the proper length parameter measuring the distance along the geodesic
from the center (x0, z0). The black cross denotes integration of the point ’v’ over the
defect brane(not shown).
W(p1, p2) ≡
∫
brane
ddv
√
g(v)F (p1, p2; v) (6.9)
F (p1, p2; v) ≡
∫
γ12
du K∆1(p1;u)K∆2(p2;u)G∆(u; v) (6.10)
Where p1 and p2 are the (boundary) points of dCFT operator insertions, and K∆1
and K∆2 are the corresponding bulk-boundary propagators to the bulk point u, which
moves on the geodesic γ12. The point v is integrated over the whole defect brane, and
G∆ is the bulk-bulk propagator due to exchange of a bulk field dual to a CFT primary
of scaling dimension ∆ from the geodesic point u to the point v on the defect brane.
For the sake of calculation, we will assume that the points p1, p2 on the boundary are
separated only along the coordinate x, as in Fig. (6.2), and that the defect brane sits
at x = 0 so that a general point v on the brane can be written as v ≡ (x = 0, ~y, z).
This gives:
W(p1, p2) =
∫
dz
(z2)d/2
∫
dd−1~y F (p1, p2;x = 0, ~y, z) (6.11)
F (p1, p2;x, ~y, z) ≡
∫
γ12
dλ K∆1(p1;u(λ))K∆2(p2, u(λ))G∆(u(λ);x, ~y, z) (6.12)
In Poincare´ coordinates the geodesic joining p1, p2 is a semicircle i.e. points (x, z) on
the geodesic satisfy (x − x0)2 + z2 = r20 where x0 = p1+p22 and r0 = p2−p12 . We then
have for the point u(λ) ≡ (xλ,~0, zλ) ≡ (xλ, zλ) at a distance λ from the center (x0, z0)
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of the geodesic γ12 joining p1, p2, as in Fig. (6.2):
xλ = x0 ± r0
√
1− ξ2, zλ = r0ξ; where ξ = 1
coshλ
(6.13)
which gives for the bulk-boundary propagators
K(p1;xλ, zλ) = C∆1
(
zλ
z2λ + (~p1 − ~xλ)2
)∆1
= C∆1
e∆1λ
(2r0)∆1
, (6.14)
K(p2;xλ, zλ) = C∆2
e−∆2λ
(2r0)∆2
(6.15)
and for the bulk-bulk propagator:
G∆(xλ, zλ;x, ~y, z) = η
∆ F2 1 (
∆
2
,
∆ + 1
2
,∆; η2) (6.16)
with η =
2zzλ
z2 + z2λ + (x− xλ)2 + (~y)2
(6.17)
Putting everything together, we get
W(p1, p2) =
∫ ∞
0
dz
(z2)d/2
∫
dd−1~y
{ ∫ ∞
−∞
dλ C∆1
e∆1λ
(2r0)∆1
× C∆2
e−∆2λ
(2r0)∆2
× η∆ F2 1 (
∆
2
,
∆ + 1
2
,∆; η2)
}
(6.18)
Since the integral depends on ~y only though (~y)2, we can change variables to radial
coordinates in ~y: dd−1~y → yd−2 dy dΩd−2 to get
=⇒ W(p1, p2) ∝
∫ ∞
0
dz dy
yd−2
(z2)d/2
{ ∫ ∞
−∞
dλ
e∆1λ
(2r0)∆1
× e
−∆2λ
(2r0)∆2
×
(
2zr0 sechλ
z2 + y2 + x20 + r
2
0 + 2x0r0 tanhλ
)∆
× F2 1
(
∆
2
,
∆ + 1
2
,∆;
(
2zr0 sechλ
z2 + y2 + x20 + r
2
0 + 2x0r0 tanhλ
)2)}
(6.19)
The conformal block W(x1, x2) has been calculated in CFT literature (see equation
(A.6) in [18], or [20]) and is given by:
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W(p1, p2) = 1
(2p10)∆1(2p20)∆2
ξ(∆1+∆2−∆)/2 F2 1
(
∆
2
,
∆
2
,∆ + 1− d
2
;−ξ
)
, (6.20)
ξ ≡ (p1 − p2)
2
4p10p20
, (6.21)
where p10, and p20 are the 0
th components of the vectors p1 and p2.
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Chapter 7
Conclusions and Discussion
This thesis was a mostly technical review of the current tools for calculations of con-
formal blocks in conformal field theory as well as on the gravity side in the AdS/CFT
correspondence. On the field theory side, the main tools are the conformal Casimir
approach and the monodromy method. Both of these essentially involve the confor-
mal partial waves as solutions of certain differential equations. On the gravity side
the same calculation has been surprisingly missing in AdS/CFT literature up until
the work of Kraus, Hijano, et al. They argued based on symmetry arguments that
conformal blocks should correspond to geodesic Witten diagrams on the gravity side,
and in fact show by explicit calculation that this is in fact true. Computationally, this
calculation involves solving a complicated integral (namely the geodesic Witten dia-
gram) and comparing it with the solution obtained, for example, from the monodromy
method.
Conformal field theories describe condensed matter systems at the critical points,
where the correlation length of the system diverges. However in real world appli-
cations, the system usually includes a boundary. This naturally inspires interest in
studying boundary CFTs - i.e. a CFT with an explicit boundary which reduces the
symmetry. Additionally one may encounter phenomenon described by field theories
with defects, for example the Kondo effect. In the most general case this leads to
defect CFTs which include boundary CFTs as a particular case. Building on the
holographic calculation of conformal blocks in conformal field theories and the afore-
mentioned symmetry arguments, in this thesis I proposed an extension of the holo-
graphic conformal block calculation to defect conformal field theories. Computations
of conformal blocks in boundary CFTs have been around in literature since the work
of McAvity and Osborn [20] in 1995. Since the co-dimension 1 defect CFT I’ve con-
sidered in chapter 6 of this thesis is a close relative of the boundary CFT in the sense
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that it is the same as two boundary CFTs glued together at the boundary with ap-
propriate boundary conditions, it is reasonable to expect this field theory result to
match the holographic one and we leave the explicit computation for future work.
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Appendix A
Geometry of AdSD+1
A.1 Global patch
The global patch of AdSD+1 is parametrised by the coordinates (ρ, t,ΩD) where ρ ∈
[0, pi/2) is the radial coordinate (with the radial distance given by cos ρ), t ∈ (−∞,∞)
is the time coordinate and ΩD−1 are the standard coordinates on the D−1 dimensional
sphere SD−1.
ds2 =
R2
cos2 ρ
(−dt2 + dρ2 + sin2 ρdΩ2D−1) (A.1)
A.2 Poincare´ patch
The Poincare´ patch of AdSD+1 is parametrised by the coordinates (u, x
0, x1, · · · xD)
(for u ≥ 0, the upper half plane or UHP for short) where u = 0 corresponds to the
(conformal) boundary. In Lorentzian AdS, the metric is given by:
ds2 =
R2
u2
(
−dx20 + du2 +
D∑
i=1
dx2i
)
(A.2)
Which for Euclidean simply changes to
ds2 =
R2
u2
(
dx20 + du
2 +
D∑
i=1
dx2i
)
(A.3)
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A.3 Embedding Formalism
Many calculations in AdS space are simplified by embedding AdSD+1 in the D+2 flat
space with metric
ds2 = −dX20 − dX2D+1 +
D∑
i=1
dX2i (A.4)
The AdSD+1 space is then (the open cover of) the D+1 dimensional subspace defined
by the equation
−X20 −X2D+1 +
D∑
i=1
X2i = −R2 (A.5)
or to be concise,
XAXA = −R2 (A.6)
A.4 Embedding Formalism(Euclidean)
Many calculations in AdS space are simplified by embedding euclidean AdSD+1 in the
D+2 dimensional minkowski
ds2 = −(dX−1)2 + (dX0)2 +
D∑
i=1
(dX i)2 (A.7)
or introducing the light-cone coordinates X± = X−1 ±X0,
ds2 = −dX+dX− +
D∑
i=1
(dX i)2 (A.8)
The AdSD+1 space is then (the open cover of) the D+1 dimensional subspace defined
by the equation
−(X−1)2 + (X0)2 +
D∑
i=1
(X i)2 = −R2 (A.9)
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or to be concise,
XAXA = −R2 (A.10)
The Poincare´ coordinates on Euclidean AdS are then defined as
X+ =
u2 + |x|2
u
, Y − =
1
u
, Y i =
xi
u
(A.11)
In the embedding space, the infinitesimal generators of the group of Lorentz transfor-
mations in D+2 dimensions, SO(D+1,1) are
LAB = XA∂B −XB∂A (A.12)
Moreover, the isometry group of euclidean AdSD+1 is exactly SO(D+1,1), and so we
can identify the generators LAB with the isometry generators of euclidean AdSD+1
Then L is a Casimir operator (an operator which commutes with all other operators
in the algebra [L,LAB] = 0) with
L =
1
2
LABL
AB =
1
2
(XA∂B −XB∂A)
(
XA∂B −XB∂A) (A.13)
Note that unlike Lorentzian AdS, in Euclidean AdS, the Poincare´ coordinates cover
the whole space, just like the global coordinates.
A.5 Geodesics
One could calculate the geodesics in AdSD+1 directly by extremising the following
action
S =
∫
dλ
√
gµν
dxµ
dλ
dxν
dλ
(A.14)
where for AdSD+1 the metric gµν can be read off from A.1 in global coordinates and
A.3 in Poincare´ coordinates for the Poincare patch.
However, in practice this method gets fairly tedious and messy. Instead, it is custom-
ary to go to the embedding D+2 dimensional space and find the geodesics there subject
to the contraint of equation A.10. We shall work with the action [(·)′ = d(·)/dτ ]
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S =
∫
X ′AX ′A + λ(X
AXA +R
2) (A.15)
Where λ is the lagrange multiplier. This gives the equations of motion
X ′′B = λXB B ∈ {0, 1, · · ·D + 1} (A.16)
XAXA = −R2 (A.17)
Let’s focus on the first equation for now. Since the proper time τ is an unphysical
coordinate and λ is an arbitrary parameter, we can rescale τ → τ/√|λ|. This gives
for the first equation of motion:
X ′′B =
λ
|λ|XB (A.18)
that is essentially we have 3 choices λ|λ| = −1, 0, 1 and these exactly correspond to
timelike, null and spacelike geodesics.
In particular, in Euclidean AdS3 geodesics are semi-circles starting and ending on
the boundary. Euclidean AdS3 may be parametrised with the Poincare´ coordinates
(u, x, y) with the metric
ds2 =
du2 + dx2 + dy2
u2
(A.19)
The geodesic between two points on the boundary (x1, y1) and (x2, y2) may be parametrised
with the coordinate u and the length ∆l between two points may be written as
∆l =
∫
du
u
√
x˙2 + y˙2 + 1 (A.20)
where now x˙ ≡ dx/du. And so the geodesic equation can be derived using the Euler-
Lagrange equations with L = √x˙2 + y˙2 + 1/u. With some elementary algebra and
integration, one ends up with the equation for a circle in the plane normal to the
boundary u = 0 and passing through the points (x1, y1) and (x2, y2). The semi-
circular geodesic is uniquely defined by the fact that it meets the boundary u = 0
perpendicularly. [Insert fig]
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A.5.1 Timelike geodesics
The timelike geodesics are given by
X ′′B = −XB (A.21)
Subject to the constraint XAXA = −R2. The eqn A.21 has the general solution:
XB = cB cos τ + dB sin τ (A.22)
Where cB, dB are constant (no explicit τ dependence) vectors subject to constraints
due to XAXA = −R2 :
cAd
A = 0 (A.23)
cAc
A = −R2 = dAdA (A.24)
A common approach is to parametrise the timelike (massive) geodesic in AdS with the
global coordinates (ρ, t,ΩD−1). Identify τ ≡ t, and then parametrise cA, dA in terms
of ρ,ΩD−1. The simplest solution is limiting to constant ΩD−1, choose
c0 = R = dD+1 (A.25)
cA = 0 = dB : otherwise (A.26)
This gives
X0 = R cos t (A.27)
XD+1 = R sin t (A.28)
XA = 0 : otherwise (A.29)
A.5.2 Null geodesics
The null geodesic equation X ′′B = 0 has the general solution
XB = cBτ + dB (A.30)
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Along with the constrain equation XAXA = −R2 this gives
cAc
A = 0 = cAd
A (A.31)
dAd
A = −R2 (A.32)
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